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Abstract The method of increments has been invaluable
for electronic structure calculations of solids based in
wavefunctions, i.e., quantum chemical techniques.
While it is well documented for ground-state calcu-
lations we want to give here a coherent description
when it is applied to the computation of excitations of
weakly and strongly correlated electron systems. Pre-
vious applications can be viewed as special cases of the
general scheme.
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1 Introduction

Electronic structure calculations is an important branch
of condensed matter physics. This holds particularly
true for the determination of energy bands of periodic
solids. Presently they are usually calculated by various
approximations to density functional theory. Although
that theory is strictly speaking one for the ground state
of a system it has been also successfully applied to
excitations. But one should be well aware of the fact
that as regards energy bands the approximations are
uncontrolled and therefore can fail badly, e.g., when
electron correlations are strong. In the latter case one
would also like to be able to calculate satellite struc-
tures. From that point of view it is desirable to find
alternative ways of computing energy bands of solids.
In the following we want to discuss some of them. They
are based on a quasiparticle description when electron
correlations are weak and on a Green’s function or pro-
jection operator approach when they are strong. In both
cases intersite correlation contributions to the energy
bands require special attention. In order to deal with
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them we find it mandatory to use an incremental com-
putational scheme of the form suggested and tested by
Stoll [1, 2]. It resembles the Bethe—Goldstone method in
nuclear physics [3]. Without using the method of incre-
ments it is extremely hard to compute energy bands of
semiconductors and insulators with reasonable accu-
racy. The computational effort is simply too large. The
aim of this communication is primarily not to present
new results but rather to consider various approaches
to energy band structures from a unifying point of view
with a focus on Stoll’s method of increments.

2 Special representation

We start from a Hamiltonian of the form

1
H = Ztijaitraja + 3 Z Vijkla;a,;,algzaja. (D)
ijo ijid
The index i of the creation and annihilation operators
a;b, a;, is a compact one consisting of a cell index I
and an intracell index n, i.e., i = {I, n}. The a opera-
tors fulfill the anticommutation relations

2)

where §;; is the overlap matrix of the basis functions
fi(@) and f;(r). We shall use the Fourier transform

1 .
al (k)= ——=) a (I)e ™R
NS

where R; is the lattice vector of cell I and Ny is the
number of unit cells. When we divide H into H =
Hscr + Hies, where Hscr is the self-consistent field part
of H, the eigenstates of Hgcr are Bloch waves which
can be expressed in terms of the a7 (I) as

1 .
chK)=——=) o, K a (I)e "R,
NS

[aierr’ CZ_/(,/]+ = Sl.;lsm,,

3)

4)

The matrix elements «,, (K) define a structure matrix.


Used Distiller 5.0.x Job Options
This report was created automatically with help of the Adobe Acrobat Distiller addition "Distiller Secrets v1.0.5" from IMPRESSED GmbH.
You can download this startup file for Distiller versions 4.0.5 and 5.0.x for free from http://www.impressed.de.

GENERAL ----------------------------------------
File Options:
     Compatibility: PDF 1.2
     Optimize For Fast Web View: Yes
     Embed Thumbnails: Yes
     Auto-Rotate Pages: No
     Distill From Page: 1
     Distill To Page: All Pages
     Binding: Left
     Resolution: [ 600 600 ] dpi
     Paper Size: [ 595 842 ] Point

COMPRESSION ----------------------------------------
Color Images:
     Downsampling: Yes
     Downsample Type: Bicubic Downsampling
     Downsample Resolution: 150 dpi
     Downsampling For Images Above: 225 dpi
     Compression: Yes
     Automatic Selection of Compression Type: Yes
     JPEG Quality: Medium
     Bits Per Pixel: As Original Bit
Grayscale Images:
     Downsampling: Yes
     Downsample Type: Bicubic Downsampling
     Downsample Resolution: 150 dpi
     Downsampling For Images Above: 225 dpi
     Compression: Yes
     Automatic Selection of Compression Type: Yes
     JPEG Quality: Medium
     Bits Per Pixel: As Original Bit
Monochrome Images:
     Downsampling: Yes
     Downsample Type: Bicubic Downsampling
     Downsample Resolution: 600 dpi
     Downsampling For Images Above: 900 dpi
     Compression: Yes
     Compression Type: CCITT
     CCITT Group: 4
     Anti-Alias To Gray: No

     Compress Text and Line Art: Yes

FONTS ----------------------------------------
     Embed All Fonts: Yes
     Subset Embedded Fonts: No
     When Embedding Fails: Warn and Continue
Embedding:
     Always Embed: [ ]
     Never Embed: [ ]

COLOR ----------------------------------------
Color Management Policies:
     Color Conversion Strategy: Convert All Colors to sRGB
     Intent: Default
Working Spaces:
     Grayscale ICC Profile: 
     RGB ICC Profile: sRGB IEC61966-2.1
     CMYK ICC Profile: U.S. Web Coated (SWOP) v2
Device-Dependent Data:
     Preserve Overprint Settings: Yes
     Preserve Under Color Removal and Black Generation: Yes
     Transfer Functions: Apply
     Preserve Halftone Information: Yes

ADVANCED ----------------------------------------
Options:
     Use Prologue.ps and Epilogue.ps: No
     Allow PostScript File To Override Job Options: Yes
     Preserve Level 2 copypage Semantics: Yes
     Save Portable Job Ticket Inside PDF File: No
     Illustrator Overprint Mode: Yes
     Convert Gradients To Smooth Shades: No
     ASCII Format: No
Document Structuring Conventions (DSC):
     Process DSC Comments: No

OTHERS ----------------------------------------
     Distiller Core Version: 5000
     Use ZIP Compression: Yes
     Deactivate Optimization: No
     Image Memory: 524288 Byte
     Anti-Alias Color Images: No
     Anti-Alias Grayscale Images: No
     Convert Images (< 257 Colors) To Indexed Color Space: Yes
     sRGB ICC Profile: sRGB IEC61966-2.1

END OF REPORT ----------------------------------------

IMPRESSED GmbH
Bahrenfelder Chaussee 49
22761 Hamburg, Germany
Tel. +49 40 897189-0
Fax +49 40 897189-71
Email: info@impressed.de
Web: www.impressed.de

Adobe Acrobat Distiller 5.0.x Job Option File
<<
     /ColorSettingsFile ()
     /AntiAliasMonoImages false
     /CannotEmbedFontPolicy /Warning
     /ParseDSCComments false
     /DoThumbnails true
     /CompressPages true
     /CalRGBProfile (sRGB IEC61966-2.1)
     /MaxSubsetPct 100
     /EncodeColorImages true
     /GrayImageFilter /DCTEncode
     /Optimize true
     /ParseDSCCommentsForDocInfo false
     /EmitDSCWarnings false
     /CalGrayProfile ()
     /NeverEmbed [ ]
     /GrayImageDownsampleThreshold 1.5
     /UsePrologue false
     /GrayImageDict << /QFactor 0.9 /Blend 1 /HSamples [ 2 1 1 2 ] /VSamples [ 2 1 1 2 ] >>
     /AutoFilterColorImages true
     /sRGBProfile (sRGB IEC61966-2.1)
     /ColorImageDepth -1
     /PreserveOverprintSettings true
     /AutoRotatePages /None
     /UCRandBGInfo /Preserve
     /EmbedAllFonts true
     /CompatibilityLevel 1.2
     /StartPage 1
     /AntiAliasColorImages false
     /CreateJobTicket false
     /ConvertImagesToIndexed true
     /ColorImageDownsampleType /Bicubic
     /ColorImageDownsampleThreshold 1.5
     /MonoImageDownsampleType /Bicubic
     /DetectBlends false
     /GrayImageDownsampleType /Bicubic
     /PreserveEPSInfo false
     /GrayACSImageDict << /VSamples [ 2 1 1 2 ] /QFactor 0.76 /Blend 1 /HSamples [ 2 1 1 2 ] /ColorTransform 1 >>
     /ColorACSImageDict << /VSamples [ 2 1 1 2 ] /QFactor 0.76 /Blend 1 /HSamples [ 2 1 1 2 ] /ColorTransform 1 >>
     /PreserveCopyPage true
     /EncodeMonoImages true
     /ColorConversionStrategy /sRGB
     /PreserveOPIComments false
     /AntiAliasGrayImages false
     /GrayImageDepth -1
     /ColorImageResolution 150
     /EndPage -1
     /AutoPositionEPSFiles false
     /MonoImageDepth -1
     /TransferFunctionInfo /Apply
     /EncodeGrayImages true
     /DownsampleGrayImages true
     /DownsampleMonoImages true
     /DownsampleColorImages true
     /MonoImageDownsampleThreshold 1.5
     /MonoImageDict << /K -1 >>
     /Binding /Left
     /CalCMYKProfile (U.S. Web Coated (SWOP) v2)
     /MonoImageResolution 600
     /AutoFilterGrayImages true
     /AlwaysEmbed [ ]
     /ImageMemory 524288
     /SubsetFonts false
     /DefaultRenderingIntent /Default
     /OPM 1
     /MonoImageFilter /CCITTFaxEncode
     /GrayImageResolution 150
     /ColorImageFilter /DCTEncode
     /PreserveHalftoneInfo true
     /ColorImageDict << /QFactor 0.9 /Blend 1 /HSamples [ 2 1 1 2 ] /VSamples [ 2 1 1 2 ] >>
     /ASCII85EncodePages false
     /LockDistillerParams false
>> setdistillerparams
<<
     /PageSize [ 576.0 792.0 ]
     /HWResolution [ 600 600 ]
>> setpagedevice


256

P. Fulde

Next we consider a set of operators {A,(k)} which
refer to microscopic processes describing correlations
and which will be specified later. One of them will be
¢ (k). Associated with the A, (k) via a Fourier trans-
formation (3) are operators A; where againi = {/, n}.
We define a retarded Green’s function through

1
G;Lv k,z) = (Au (k) Z——L A, (k))s (5

where z has a positive infinitesimal imaginary part, i.e.,
z = w + i8. The bilinear form (A|B) is defined by

(A 1B) =(vo |[4*, B],| o) ©)

with [1) denoting the exact ground state of the elec-
tronic system under investigation. The quantity L in
Eq. (5) is the Liouvillean, a superoperator which acts
on operators A, according to

LA =[H, A]_ . @)
The imaginary part of G, (k, z) is directly related

to the corresponding spectral function S, (k, w) by the
relation

®)

The computation of spectral densities is a major goal
of solid-state theory. There are two different ways of
achieving it, which depend on the importance of elec-
tron correlations. When the correlations are relatively
weak like in conventional semiconductors one identifies
with the set {A, (k)} simply the ¢\ (k). From Egs. (6)
and (7) it follows that in this case Eq. (5) is a diagonal
matrix with

1
Suv (k. @) = —— lim ImGyy (k. o +i5).

— 1 +
G, Kk, z) = <¢’0 cvo (K) T H+ E(])V Coo (k)
+ -
#0000 wo>. ©)

In the quasiparticle approximation only the second
term is taken where v is referring to a valence band,
while only the first term is used when it is a conduc-
tion band index. When the electronic correlations are
strong one has to proceed differently. In that case the
most important microscopic processes must be identi-
fied which form the correlation hole around an electron.
The corresponding operators define the set {A,,(k)}. By
limiting oneself to the operator space spanned by the
A, (k) one can diagonalize the matrix G, (k, z) for
each k point and compute the spectral densities accord-
ingly. In both cases, i.e., for small and large correlation
energy contributions the method of increments reduces
the amount of computations decisively.

3 Quasiparticle approximation

In the quasiparticle approximation the life time of the
excitations is neglected. This gives rise to well-defined

energy bands. Satellite structures do not appear. Con-
sider the valence bands of a conventional semiconduc-
tor such as silicon. In evaluating

el (k)

Cvo (k) ‘ W0>
(10)

R, (k,2)= S
(k, 2) <1/fo TEE

one may insert a complete set of intermediate states
of which only the states |y¥~!(k)) are kept, which de-
velop out of the SCF (N — 1) electron states
|<I>f}vgl(k)> = ¢y (K)|Pscr). States corresponding to
one particle-two holes, two particle—three holes etc.
SCF states are neglected. This results in

(W () lewo )] )|

R, k,z) = 11
k9 = T o~ 7 (11)
where Eév ~1(Kk) is the energy of |1//§(’,_1 (k)).
Thus the excitation energy is given by
e &) = (v ' W [H| ¥y &) — Ey
= e (k) + € (k) . (12)

We have decomposed it into an SCF and a correlation
contribution. In the same way as we have related ¢ (k)
to the a . (I) through Eq. (4) we can relate |1p§(’,—1 (k) )

o

to

UN-l(1 )) by the complex conjugate of the same

M—‘m) = Qa,(I) |Wd:) and & is

equation where |y,

a wave operator. It transforms the uncorrelated SCF
state with one missing electron in orbital f,;(r), i.e.,

a, (1) | W) into [N (1)>. Thus we obtain

&k =Y Y am®ay,
1

nm

xR (GO [HIPN (D) - EY.
(13)
Since the SCF part €5 (k) of €, (k) can be calculated,
e.g., by using the CRYSTAL [4] or Wannier [5, 6] pro-
gram package, we concentrate here on €;°" (k). In [7] it

was shown that the correlation energy contribution can
be written in the form

€T K) =) Y ay, K) ap, (k)R
nm |

X (\IjéVCF |ajn_<r (0) HyesSans (1)‘ ‘IjévCF)
v=1,...,4

e

where S = 2 — 1 is the scattering operator and the sub-
script ¢ indicates that the cumulant of that expectation
value must be taken. Strictly speaking S relates to 2 — 1
where in distinction to €2 the operator €2 is defined only
in connection with cumulants (for more details see [7]).
For a closely related description in terms of an effective
Hamiltonian by Albrecht et al. see [8, 9, 10].
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The cumulant scattering operator S does two things.
It generates a relaxation- and polarization cloud around
the hole created by a,,, (1) and it accounts for the loss of
ground-state correlations. These are correlations which
are present in the N electron ground state but absent in
the N — 1 particle system due to the missing electron.

There are two ways by which one may evaluate
€.,°"(k) given by Eq. (14) and similarly when v =
5,..., 8,i.e., for the conduction bands. One is a simpli-
fied computational scheme which has been discussed in
[11]. The relaxation-and polarization cloud is thereby
determined by a new SCF calculation with the hole gen-
erated by a,, (1) kept fixed at the center of a cluster.
By calculating the matrix elements of H with respect
to nonorthogonal SCF states one obtains one part of
€,°"(k), i.e., the one from relaxation-and the polariza-
tion cloud. The loss of ground-state correlations due to
the hole is computed by identifying all those correla-
tion contributions to |y) which involve the annihilated
electron.

The second way is based on the method of incre-
ments and has been applied, e.g., in [12]. We formulate
here the main idea in a form which is also applicable
to strongly correlated electrons. For that purpose we
decompose the residual interactions into

Hyes = ZHI +ZHIJ + Z Hjjk
1 (1J) ( )

17K
+ Z Hpjker .
(IJKL)

15

The different parts refer to the unit cells 7, J, ... to
which the aj[a (I), apme (J) etc. operators in Hg belong.
For example, in H; the two creation and two annihila-
tion operators in H, refer all to unit cell 7, while in
Hj; they involve cells I and J etc. In fact, in order
to calculate the effect of H.s with the help of stan-
dard quantum chemical program packages one has to
reformulate H,s slightly so that the annihilation oper-
ators refer to orthogonal states. But this has been dis-
cussed, e.g., in [13] and need not to concern us here.
The scattering operator S can then be decomposed into
increments according to

S=Y"Si+Y (Siy—Si—S)+- (16)
1 (1J)

where (/J) denotes pairs and the next terms include
triples, quadruples etc. S; is the scattering operator of a
Hamiltonian Hscg + H; and S, is the one of a Hamil-
tonian Hscr + H; + H; + H; ;. This way the N electron
scattering problem is broken up into scattering prob-
lems of a few electrons which can be handled without
problems. The method turns out to be rapidly conver-
gent, i.e., three-site scattering processes Sy, x play little
role in weakly correlated semiconductors like the ele-
mental ones. Details are found, e.g., in [13].

4 Strongly correlated electrons

When electron correlations are not weak, satellite struc-
tures may have a strong influence on the spectral den-
sity. Therefore the microscopic processes which lead to
satellites have to be treated sufficiently accurate [14].
This is done by including them in the set { A, (k) } or their
Fourier transform {A, (1)}, respectively. We transform

1 : 1
G (k,2)= FOZe”‘R'(AM O | =7 A (1))
1

(17

and determine the matrix element as follows. We decom-
pose L = Lgcp+ Lies Where Lgcr and Ly refer to Hgcp
and H,., respectively (see (7)). Then

1
= Go+ GoyT Gy (18)
z—L
with Gy = (z — Lscrp) ™' and a T matrix given by
1
T = Lyes———. 19
reS] _ GOLreS ( )

Note that 7 is a superoperator, i.e., it acts on operators
and not on states. Next we decompose L into

Lres:ZLI+ZLIJ+"'
I (J)
ZZLoh

where L;, ..., L;;k1 are the Liouvilleans associated
with Hy, ..., Hjjkr, respectively. In close analogy to
Eq. (16) we find

T=Y"T+Y (Ty—=T;—=T)+-
I (1J)

=ZT1+Z(3T11+~-
I (1)

where 7; is the T matrix superoperator to a Hamil-
tonian Heg(I) = Hscp + H; and Ty, is the one to
He(I,J) = Hscr + H; + Hy + Hjy etc.

The cluster T matrices T, T} etc. are expressed in
terms of the cluster Liouvilleans L, as

wherea =1,1J,... (20)

21

1
T, = Lll——GoLl’
1
T =L l—Go(L;+L;+Lyiy) 22
etc. This enables us to write
Guw(l,2)= (Au 0) ‘z—;L A,y (1)>
- (AM ) |Go (1 + ) Tt
L
(23)

Y 8T+ | GoAy ()
(LJ)
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and to compute the G, (/, z) in an incremental way.
At each step one must diagonalize the matrix G, (1, 2)
and by inserting the result into Eq. (17) one obtains the
functions G, (k, z) from which the spectral density can
be computed (see (9)). Each n gives rise to a dispersion
w (k).

The same procedure can be applied when the mem-
ory matrix M, (k, z) is considered instead of Green’s
function. In that case one starts out from

1
Gy(k,z)= (cuf, (k) cly (k)) (24)
z—L
and rewrites it in the form [15, 16]
1
G,k z2)= (25)

72—, (k) — M, (k,»)

Here the frequency matrix is 2, (k) = (¢} (k)|Lc}, (k)
and the memory function M, = (k, z) is given by

(. e w)
M, Kk, z) = (cm (k) ’LQZ ~0Lo Le), (k).

(26)

The latter has again the form of Eq. (24) but with
¢ (k) replaced by Lc; (k) and L replaced by QLQ
where the projector Q projects onto a space perpendic-
ular to ¢ (k), i.e., Qc} (k) = 0 and Q% = Q. Since
QLc (k) may generate a number of operators A, we
are back to the problem of determining Eq. (5). Based on
Eq. (25) the incremental method has been applied in or-
der to study the Hubbard model on a square lattice near
half filling [17]. This calculation was combined with the
coherent potential approximation (CPA) by embedding
the cluster memory functions into a medium. The latter
is self-consistently determined from a CPA condition.
As a result a marginal Fermi liquid like behavior was

found for a range of hole doping and size of the Hub-
bard parameter U. Without the method of increments a
calculation of that type would not be feasible.
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